Abstract. We show that all unipotent classes in finite simple Chevalley or Steinberg groups, different from PSLn(q) and PSp 2n (q), collapse (i.e. are never the support of a finite-dimensional Nichols algebra), with a possible exception on one class of involutions in PSUn(2 m ).
task is to study Nichols algebras over G with support in a conjugacy class O of G. Actually there are group-theoretical criteria allowing to conclude that every Nichols algebra with support in a given conjugacy class O has infinite dimension. These criteria were developed in [4, 1, 3] and are recalled in §2.1. The verification of any of these criteria in any conjugacy class might be difficult. Let p be a prime number, m ∈ N, q = p m , F q the field with q elements and k := F q . There are three families of finite simple groups of Lie type (according to the shape of the Steinberg endomorphism): Chevalley, Steinberg and Suzuki-Ree groups; see the list in [1, p. 38] and [16, 22.5] for details. Here are the contents of the previous papers: ⋄ In [1] we dealt with unipotent conjugacy classes in PSL n (q), and as a consequence with the non-semisimple ones (since the centralizers of semisimple elements are products of groups with root system A ℓ ). ⋄ The paper [2] was devoted to unipotent conjugacy classes in PSp 2n (q). ⋄ The subject of [3] was the semisimple conjugacy classes in PSL n (q). But we also introduced the criterium of type C, and applied it to some of the classes not reached with previous criteria in [1, 2] . In this paper we consider unipotent conjugacy classes in Chevalley and Steinberg groups, different from PSL n (q) and PSp 2n (q). Concretely, these are the groups in Table 1 . Notice that PSU 3 (2) is not simple but needed for recursive arguments. Table 1 . Finite groups considered in this paper; q odd for PΩ 2n+1 (q); q ≥ 3 for G 2 (q)
As in [4, 2.2] , we say that a conjugacy class O of a finite group G collapses if the Nichols algebra B(O, q) has infinite dimension for every finite faithful 2-cocycle q. Our main result says:
Main Theorem. Let G be as in Table 1 . Let O be a non-trivial unipotent conjugacy class in G. Then either O collapses, or else G = PSU n (q) with q even and (2, 1, . . . , 1) the partition of O.
In the terminology of §2.1, the classes not collapsing in the Main Theorem are austere, see Lemma 5.16 . This means that the group-theoretical criteria do not apply for it; however, we ignore whether these classes collapse by other reasons. The classes in PSL n (q) or PSp 2n (q) not collapsing (by these methods) are listed in Table 3. 1.2. The scheme of the proof and organization of the paper. Let G be a finite simple group of Lie type. Then there is q as above, a simple simply connected algebraic group G sc defined over F q and a Steinberg endomorphism F of G sc such that G = G F sc /Z(G F sc ). We refer to [16, Chapter 21] for details. Conversely, G = G F sc /Z(G F sc ) is a simple group, out of a short list of exceptions, see [16, Theorem 24.17] . For our inductive arguments, it is convenient to denote by G the quotient G F sc /Z(G F sc ) even when it is not simple. Often there is a simple algebraic group G with a projection π : G sc → G such that F descends to G and [G F , G F ]/π(Z(G F sc )) ≃ G. The proof of the Main Theorem is by application of the criteria of type C, D or F (see §2. 1) , that hold by a recursive argument on the semisimple rank of G sc . The first step of the induction is given by the results on unipotent classes of PSL n (q) and PSp 2n (q), while the recursive step is a reduction to Levi subgroups. Then we proceed group by group and class by class. The experience suggests that a general argument is not possible. There are some exceptions in low rank for which Levi subgroups are too small and we need the representatives of the classes to apply ad-hoc arguments.
Here is the organization of the paper: We recall some notations and facts in §2, where we also state the needed notation for groups of Lie type. In §3 we describe the reduction to Levi subgroups and collect the known results on unipotent classes of PSL n (q) and PSp 2n (q).
Let O be a non-trivial unipotent class in a group G listed in Table 1 . If O is not kthulhu then O collapses, cf. Theorem 2.4. The proof that O is not kthulhu is given in §4, respectively §5, when G is a Chevalley, respectively Steinberg, group.
Indeed, if G = PΩ 2n+1 (q), n ≥ 3, and q odd, the claim is Proposition 4.3. If G = PΩ + 2n (q), n ≥ 4, E 6 (q), E 7 (q), or E 8 (q), then the claim is Proposition 4.2. If G = F 4 (q), the result follows from Lemmata 4.4 and 4.5; and if G = G 2 (q), q ≥ 3, the assertion follows from Lemmata 4.6 and 4.7.
In turn, PSU n (q) is settled in Proposition 5.1; PΩ − 2n (q) in Proposition 5.17; 2 E 6 (q) in Proposition 5.19; and 3 D 4 (q) in Proposition 5.20.
In this way, the Theorem is proved.
Applications and perspectives.
The results in this paper will be applied to settle the non-semisimple classes in Chevalley and Steinberg groups. Next we will deal with unipotent and non-semisimple classes in SuzukiRee groups. These are too small to apply the recursive arguments introduced in this paper.
The semisimple conjugacy classes in G different from PSL n (q) are more challenging. We expect that reducible classes would collapse while the irreducible ones would be kthulhu, as is the case for PSL 2 (q) and PSL 3 (q) (with some exceptions). Both cases require a deeper understanding of the classes, and in addition the irreducible case seems to need an inductive argument on the maximal subgroups.
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Preliminaries
If a ≤ b ∈ N, then I a,b denotes {a, a + 1, . . . , b}; for simplicity I a = I 1,a .
2.1. Glossary of racks. See [3] for details and more information.
2.1.1. A rack is a set X = ∅ with a self-distributive operation ⊲ : X × X → X such that x ⊲ is bijective for every x ∈ X. The archetypical example is the conjugacy class O G z of an element z in a group G with the operation x ⊲ y = xyx −1 , x, y ∈ O G z . A rack X is abelian if x ⊲ y = y, for all x, y ∈ X.
[4, Definition 3.5]
A rack X is of type D if it has a decomposable subrack Y = R S with elements r ∈ R, s ∈ S such that r ⊲ (s ⊲ (r ⊲ s)) = s.
Lemma 2.1. [1, Lemma 2.10] Let X and Y be racks, 
[3, Definition 2.3]
A rack X is of type C when there are a decomposable subrack Y = R S and elements r ∈ R, s ∈ S such that r ⊲ s = s,
Here Inn Y is the subgroup of S Y generated by y ⊲ , y ∈ Y . 2.1.5. Being of type C, D or F can be phrased in group terms, see [3] . Here is a new formulation suitable for later applications. 2.2.1. Let q = p m be as above. We fix a simple algebraic group G defined over F q , a maximal torus T, with root system denoted by Φ, and a Borel subgroup B containing T. We denote by U the unipotent radical of B and by ∆ ⊂ Φ + the corresponding sets of simple and positive roots. Also U − is the unipotent radical of the opposite Borel subgroup B − corresponding to Φ − . We shall use the realisation of the associated root system and the numbering of simple roots in [5] . The coroot system of G is denoted by
We denote by G sc the simply connected group covering G.
For Π ⊂ ∆, we denote by Φ Π the root subsystem with base Π and Ψ Π := Φ + − Φ Π . For α ∈ Φ, we denote by s α ∈ W = N G (T)/T the reflection with respect to α. Also, s i = s α i , if α i is a simple root with the alluded numeration. Also, there is a monomorphism of abelian groups x α : k → U; the image U α of x α is called a root subgroup. We adopt the normalization of x α and the notation for the elements in T from [20, 8.1.4] . We recall the commutation rule:
We denote by P a standard parabolic subgroup of G, with standard Levi subgroup L and unipotent radical V. Thus there exists Π ⊂ ∆ such that
If u ∈ U then for every ordering of Φ + , there exist unique c α ∈ k such that u = α∈Φ + x α (c α ). We define supp u = {α ∈ Φ + | c α = 0}. In general the support depends on the chosen ordering of Φ + . However, if u ∈ V as above, then supp u ⊂ Ψ Π for every ordering of Φ + .
2.2.2.
In this paper we deal with Chevalley and Steinberg groups. Let F be a Steinberg endomorphism of G; it is the composition of the split endomorphism Fr q (the q-Frobenius map) with an automorphism induced by a Dynkin diagram automorphism ϑ. So, Chevalley groups correspond to ϑ = id. We assume that T and B are F-stable. Let W F = N G F (T)/T F . Thus W F ≃ W for Chevalley groups. For each w ∈ W F , there is a representativė w of w in N G F (T), cf. [16, Proposition 23.2] . Notice thatẇ ⊲ (U α ) = U w(α) for all α ∈ Φ. Hence, if α, β ∈ Φ are ϑ-stable and have the same length, then U F α and U F β are conjugated by an element in
2.2.3. We shall often use the Chevalley's commutator formula (2.1), see [22, pp. 22 and 24] . Let α, β ∈ Φ. If α + β is not a root, then U α and U β commute. Assume that α + β ∈ Φ. Fix a total order in the set Γ of pairs (i, j) ∈ N 2 such that iα + jβ ∈ Φ. Then there exist c
Definition 2.6. [2, Definition 3.3] Let α, β ∈ Φ + such that α+β ∈ Φ but the pair α, β does not appear in Table 2 . We fix an ordering of Φ + . A unipotent conjugacy class O in G has the αβ-property if there exists u ∈ O ∩ U F such that α, β ∈ supp u and for any expression α + β = 1≤i≤r γ i , with r > 1 and γ i ∈ supp u, necessarily r = 2 and {γ 1 , γ 2 } = {α, β}. Table 2 .
Let α, β ∈ Φ + . The scalar c α,β 1,1 = 0 in (2.1) if α + β ∈ Φ and the pair does not appear in Table 2 .
Proposition 2.7. [2, Proposition 3.5] Let G be a finite simple group of Lie type, with q odd. Assume O has the αβ-property, for some α, β ∈ Φ + such that q > 3 when (α, β) = 0. Then O is of type D.
Remark 2.8. Assume u satisfies the conditions in Definition 2.6. Then it is never an involution. Indeed if q is odd this is never the case. If q is even then the argument in the proof of [2, Proposition 3.5] shows that the coefficient of x α+β in the expression of u 2 is nonzero.
2.2.4. Let us choose an ordering of the positive roots and let w ∈ W and u ∈ U be such that Σ := w(supp u) ⊂ Φ + . Then,ẇ ⊲ u ∈ U and there is an ordering of the positive roots for which Σ is the support ofẇ ⊲ u. If, in addition, wΣ ⊂ Ψ Π for some Π ⊂ ∆, then by the discussion in 2.2.1,
2.2.5. We shall need a fact on root systems. Recall that there is a partial ordering on the root lattice ZΦ given by α β if β − α ∈ N 0 Φ + = N 0 ∆. Lemma 2.9. Let γ, β ∈ Φ + with β γ. Then there exists a sequence
Proof. (1) and (2) are consequences of [19, Lemma 3.2] , with α 1 = β, and the α j being simple. Assume that Φ is simply-laced. Clearly, it is enough to prove it for a couple of roots. If α, δ ∈ Φ and α + δ ∈ Φ, then Φ ∩ (Zα + Zδ) is a root system of type A 2 , so s α (δ) = α + δ. The last claim follows.
3. Unipotent classes in finite groups of Lie type 3.1. Reduction to Levi subgroups. We start by Lemma 3.2, that is behind the inductive step in most proofs below. We consider the following setting and notation, that we will use throughout the paper: Theorem 3.3. Let G be either PSL n (q) or PSp 2n (q) and let O = {e} be a unipotent conjugacy class in G, not listed in Table 3 . Then it is not kthulhu. Table 3 . Kthulhu classes in PSL n (q) and PSp 2n (q)
even, or 9, or odd not a square
We explain the notation of Table 3 , see [1, 2] for further details: (i) Unipotent classes in PSL n (k) are parametrized by partitions of n; i.e. λ = (λ 1 , λ 2 , . . . ) with λ 1 ≥ λ 2 ≥ . . . and j λ j = n. Thus, (n) is the regular unipotent class of PSL n (k). Unipotent classes in PSL n (q) with the same partition are isomorphic as racks. (ii) Unipotent classes in PSp 2n (k), for q odd, are also parametrized by suitable partitions. (iii) Unipotent classes in PSp 2n (k), for q even, are parametrized by their label, which is the decomposition of the standard representation as a module for the action of an element in the conjugacy class:
for m i , k j ≥ 1. The block W (m i ) corresponds to a unipotent class with partition (m i , m i ), whereas the block V (2k j ) corresponds to a unipotent class with partition (2k j ). (iv) The unipotent class in PSp 4 (k) with label W (2), respectively, in PSp 2n (k) with label W (1) n−1 ⊕ V (2) contain a unique unipotent class in PSp 4 (q), respectively, PSp 2n (q). 3.3. Further remarks. If a product X = X 1 × X 2 of racks has a factor X 1 that is not kthulhu, then neither is X. Indeed, pick x ∈ X 2 ; then X 1 × {x} is a subrack of X and Lemma 2.5 applies (here as usual X 2 can be realized as a subrack of a group, so that x ⊲ x = x). The following results will be needed in order to deal with products of possibly kthulhu racks.
Lemma 3.5. Let O be a unipotent conjugacy class in Table 3 .
, then there exist y 1 , y 2 ∈ O such that y 1 = y 2 and y 1 y 2 = y 2 y 1 .
Proof. By the isogeny argument [1, Lemma 1.2], we may reduce to classes in SL n (q) or Sp 2n (q). Also, the classes in PSp 4 (q) with label W (2) and W (1) ⊕ V (2) are isomorphic as racks, [2, Lemma 4 .26], so we need not to deal with the last row in Table 3 .
If O is the class in SL 3 (2) , then x 1 = id +e 1,2 + e 2,3 and x 2 = σ ⊲ x 1 , where σ = e 1,2 + e 2,1 + e 3,3 , do the job for (a). For (b), take y 1 = x 1 and
If O is the class in SL 2 (q), then x 1 = id +e 1,2 ∈ O and x 2 = σ ⊲ x 1 , where σ = e 1,2 − e 2,1 do the job for (a); while y 1 = x 1 , and y 2 = id +a 2 e 1,2 , for a ∈ F q , a 2 = 0, 1, are as needed in (b) when q > 3.
Finally, let O be one of the classes in Sp 2n (q), cf. Table 3 . Then x 1 = id +e 1,2n ∈ O and x 2 = σ ⊲ x 1 , where σ = e 1,2n − e 2n,1 + j =1,2n e jj do the job for (a). Let τ be the block-diagonal matrix τ = diag(J 2 , id 2n−2 , J 2 ), with J 2 = ( 0 1 1 0 ). Then τ ∈ Sp 2n (q) and y 1 := x 1 , y 2 := τ ⊲ y 1 fulfil (b).
Here are results on regular unipotent classes needed later. Let G sc be a simply connected simple algebraic group and F a Steinberg endomorphism as before; let G = G F sc /Z(G F sc ) but we do not assume that G is simple. (1) G = PSL 2 (q) is Chevalley and q = 2, 4;
, with n ≥ 5 and q = 2;
In addition, every regular unipotent class in GU n (q), where 1 < n is odd and q = 2 2h+1 , h ∈ N 0 , is of type D.
Finally, we quote [2, Lemma 4.8]:
Unipotent classes in Chevalley groups
In this Section we deal with unipotent conjugacy classes in a finite simple Chevalley group
Let u ∈ U and β ∈ Φ + . Then the support supp u depends on a fixed ordering of Φ + , but the assertion supp u ⊂ Ψ(β) does not. Indeed, passing from one order to another boils down to successive applications of the Chevalley formula (2.1), that do not affect the claim.
We denote by O a non-trivial unipotent conjugacy class in G.
Unipotent classes in PΩ
+ 2n (q), n ≥ 4; E 6 (q), E 7 (q) and E 8 (q). We first deal with the case when Φ simply-laced, i.e. G is one of PΩ + 2n (q), n ≥ 4; E 6 (q), E 7 (q) and E 8 (q).
For every γ ∈ Ψ(β) there is a unique k such that γ = β + α i 1 + · · · + α i k as in Lemma 2.9. Let m be the minimum k for γ ∈ supp u. We call m the bound of u. We will prove the claim by induction on the bound m. If m = 0 then β ∈ supp u and since β ∈ ∆, there is a simple reflection s i such that
In this case we take τ =ṡ i to be any representative of s i in N G F sc (T). Let now m > 0 and assume that the statement is proved for unipotent elements with bound m − 1. Let γ ∈ supp u reach the minimum, i.e., be such that γ = β + α i 1 + · · · + α im for some α i j ∈ ∆ chosen as in Lemma 2.9.
with bound at most m − 1. In the first case, we conclude by setting x = u ′ . In the second case, we use the inductive hypothesis.
Proof. The basic idea of the proof is to apply Lemma 3.2 (c) to a series of standard F -stable parabolic subgroups P i of G sc for which (3.1) holds. We show that for every O and for every G, we have O ∩ U F ⊂ ∩ i V i . This follows from Lemma 4.1 by observing that in each case ∩ i V i is a product of root subgroups corresponding to roots in Ψ(β) for some β ∈ Φ + − ∆. We analyze the different cases according to Φ. D n , n ≥ 4. We consider the parabolic subgroups P 1 and P 2 such that L 1 and L 2 have root systems A n−1 , generated respectively by ∆ − α n−1 and ∆ − α n . Since n ≥ 4, (3.1) holds by Theorem 3.3. Let u ∈ V 1 ∩ V 2 . Then α ∈ supp u if and only if α contains α n−1 and α n in its expression, i.e. α ∈ Ψ(β) for
We consider the parabolic subgroups P 1 , P 2 and P 3 such that L 1 , L 2 and L 3 have root systems D 5 , D 5 and A 5 , generated respectively by ∆ − α 1 , ∆ − α 6 and ∆ − α 2 . By Theorem 3.3 and the result for D n , (3.1) holds. Let
We consider the parabolic subgroups P 1 , P 2 and P 3 such that L 1 , L 2 and L 3 have root systems D 6 , E 6 and A 6 , generated respectively by ∆ − α 1 , ∆ − α 7 and ∆ − α 2 . By Theorem 3.3 and the results for D n and E 6 , (3.1)
We consider the parabolic subgroups P 1 , P 2 and P 3 such that L 1 , L 2 and L 3 have root systems D 7 , E 7 and A 7 , generated respectively by ∆ − α 1 , ∆ − α 8 and ∆ − α 2 . By Theorem 3.3 and the results for D n and E 7 , (3.1)
4.2. Unipotent classes in PΩ 2n+1 (q). Here we deal with PΩ 2n+1 (q), i.e. Φ is of type B n , n ≥ 3. In this case, q is always odd.
Proof. We consider the standard F -stable parabolic subgroups P 1 and P 2 such that L 1 and L 2 have root systems A n−1 and C 2 , generated respectively by Π 1 := ∆ − α n and Π 2 = {α n−1 , α n }. By Lemma 3.2 (a) and Theorem
We will apply the argument in 2.2.4.
Assume first that supp u ⊂ {ε j + ε l | j, l ∈ I n , j < l}. Let ℓ be the maximum l such that ε j +ε l ∈ supp u for some j ∈ I n−1 . Then
Assume next that there is some i such that ε i ∈ supp u. We can always assume i = n. Indeed, if ε n ∈ supp u, we may replace u byṡ ε i −εn ⊲u ∈ O∩U F , whereṡ ε i −εn is a representative of s ε i −εn in N G F sc (T). Then π 2 (u) ∈ M 2 lies in a non-trivial unipotent conjugacy class in a group isomorphic to Sp 4 (q) and the short simple root lies in the support. A direct computation shows that a representative of this class in Sp 4 (q) is as follows:
Thus, its Jordan form has partition (2, 2) and this class is not kthulhu by Theorem 3.3 (recall that q is odd). Then Lemma 3.2 applies. Tables 5,6 ] for q odd, see Table 4 , respectively in [17, Theorem 2.1] for q even, see Table 5 . We indicate the roots as in [17] : ε i is indicated by i, ε i −ε j is indicated by i − j, and
Thus the simple roots are 
If q is odd, then the possible representatives are x i , i ∈ I 25 , for p = 3, with two additional representatives x 26 , x 27 when p = 3.
Proof. A direct verification shows that all representatives for i ≥ 7 enjoy the αβ-property with (α, β) = 0; we list in Table 6 the roots α and β for each representative. By Proposition 2.7, O is of type D.
We next consider the representative x 1 , that equals x γ (1) for a long root γ. By the discussion in §2.2.2, O x 1 contains an element in U F α 1 , that lies in the subgroup of type A 2 generated by U ±α 1 , U ±α 2 . Theorem 3.3 applies. 
Finally, we deal with the x i 's, i ∈ I 2,6 . Let L 1 be the standard Levi subgroup (of type B 3 ) generated by the root subgroups U γ , for γ = ±α 1 , ±α 2 , ±α 3 . We claim that all x i , i ∈ I 2,6 , are conjugated to elements in M 1 ; then the result follows by Proposition 4.3. Indeed, 
, and x 4 = x 2 (1)x 3+4 (1), so they all lie in M 1 .
Lemma 4.5. If q is even, then O is not kthulhu.
Proof. The representative x 1 , respectively x 2 , is equal to x γ (1) for a short, respectively long, root γ. By the discussion in §2.
is a unipotent class corresponding to the partition (2, 1) in M , respectively M ′ . By Theorem 3.3, these classes are not kthulhu.
We consider now the classes labelled by i ∈ I 20,34 . Let P 1 be the standard parabolic subgroup with standard Levi L 1 as in the proof of Lemma 4.4. Set
y i satisfies the αβ-property; we list in Table 7 the roots α and β for each representative. Since Φ Π 1 is of type
We consider now the classes labelled by i ∈ I ′ = {3, 4, 7, 8, 12} ∪ I 14,19 . Let P 2 be the standard parabolic subgroup with standard Levi L 2 (of type C 3 ) associated with Π 2 = {α 2 , α 3 , α 4 }; here Φ + Π 2 consists of the roots 1 − 2, 3, 4, 3 ± 4, 1 − 2 ± 3 ± 4. Let β 1 = α 4 , β 2 = α 3 , β 3 = α 2 be the simple roots of Φ
z i is a unipotent class in Sp 6 (q). Let I ′′ = I ′ − {3, 4}. Table 8 lists the index i ∈ I ′′ , the support of z i and the 
The partition associated to x, respectively y, as unipotent element in Sp 6 (q) is (2, 2, 1, 1), respectively (2, 2, 2). Hence,
is kthulhu by Theorem 3.3. 
The x i 's for i ∈ I ′′′ = {5, 6, 9, 10, 11, 13} lie in the subgroup K of type B 4 generated by the subgroups U ±α , α ∈ {1 − 2, 2 − 3, 3 − 4, 4}. If i ∈ I ′′′ , O K F x i has the αβ-property, see Table 9 . Since SO 9 (k) is isogenous to Sp 8 (k), Remark 3.4 applies.
4.4.
Unipotent classes in G 2 (q). Here we deal with unipotent classes in G 2 (q), q > 2. As for F 4 (q), we shall use explicit representatives of the classes, the parabolics being too small. The list of representatives can be found in [6] when p > 3 and in [9] otherwise; see (4.2), (4.3), (4.9). Lemma 4.6. If q is odd, then O is not kthulhu. x i with the αβ-property, i ∈ I ′′ = {5, 6, 9, 10, 11, 13}.
x
The regular classes are covered by Proposition 3.6 (1). The elements x α 2 (1) and x α 2 (1)x 3α 1 +α 2 (b) lie in the subgroup of type A 2 generated by U F ±α 2 and U F ±(3α 2 +α 2 ) and we apply Theorem 3.3. The classes represented by x α 2 (1)x 2α 1 +α 2 (−1)x 3α 1 +α 2 (c) enjoy the αβ-property, so we invoke Proposition 2.7. We prove now that the class of r = x α 1 +α 2 (1) is of type D. We observe that there is an element σ =ṡ α 2 ∈ G ∩ N G (T) such that s := σ ⊲ r = x α 1 (ξ), ξ ∈ F × q . Then sr = rs by the Chevalley commutator formula (2.1) and, as rs, sr ∈ U F and p is odd, we have (rs) 2 = (sr) 2 . In addition, r, s ∈ P F 1 , for P 1 the standard parabolic subgroup with Levi L 1 associated with α 1 . Since r lies in the unipotent radical V 1 of P
. We argue as in §3.3. As q > 3, Lemmata 3.5 and 2.1 apply whence O r is of type D.
Assume now p = 3. By [9, 6.4 ] the non-trivial classes of p-elements in G are either regular or are represented by an element of the following form:
for suitable a ∈ F × q . The regular classes are covered by Proposition 3.6 (1). The element x 3α 1 +2α 2 (1) lies in the subgroup of type A 2 generated by U F ±α 2 and U F ±(3α 1 +2α 2 ) and Theorem 3.3 applies. We show that if r = x α 1 +α 2 (1)x 3α 1 +α 2 (a) ∈ O, then it is of type D. Indeed, let s :
. Then sr = rs; since sr, rs ∈ U F , we
In order to deal with some unipotent classes in G 2 (4) we will need a precise version of (2.1) for all pairs of positive roots. We shall use the relations from [9, II.2], that we write for convenience. They hold in general for q even, and we shall use them recalling that a 3 = 1 for every a ∈ F × 4 .
For all other pairs of positive roots the corresponding subgroups commute. Proof. By [9, 2.6] all non-trivial classes of 2-elements in G can be represented by an element of the following form, for suitable a, b, c ∈ F q :
Assume that r = x 2α 1 +α 2 (1) ∈ O. It is enough to prove that O is of type C for G 2 (2), which is a non-simple subgroup of G 2 (q). We consideṙ
. Let H := r, s, z = x α 1 +α 2 (1) ≤ P 1 (the parabolic subgroup associated with Assume q > 4. The classes represented by the x α 1 (1)x α 2 (1)x 2α 1 +α 2 (a) for a ∈ F q are regular, thus they are not kthulhu by Proposition 3.6. The classes of x α 1 +α 2 (1)x 2α 1 +α 2 (1)x 3α 1 +α 2 (b) and x α 2 (1)x 2α 1 +α 2 (1)x 3α 1 +α 2 (c) enjoy the αβ-property. By [2, Proposition 3.6], these classes are of type F.
Let now q = 4 and let ζ be a generator of F × 4 so ζ 2 + ζ + 1 = 0 and ζ 3 = 1. By [9] there are 2 regular unipotent classes, one represented by x α 1 (1)x α 2 (1) and the other by x α 1 (1)x α 2 (1)x 2α 1 +α 2 (ζ). We shall apply Lemma 2.3 in order to show that these classes are of type C. For this, we need the following formula which can be retrieved applying (4.4) and (4.7).
r . By direct computation using (4.10) we see that
Using (4.8) and that ξ 2 = ξ, we see r 2 s 2 = s 2 r 2 , hence r 2 s = sr 2 and s 2 r = rs 2 . In addition, r, s ⊆ U F and U F ⊲ r ⊂ r U γ | γ ∈ Φ + − ∆ and
, whence O G r is of type C. Similarly, we consider now r = x α 1 (1)x α 2 (1)x 2α 1 +α 2 (ζ), t := α ∨ 1 (ζ) and
r . In this case
As above we verify that r 2 s = s 2 r and s 2 r = r 2 s and that O r,s r = O r,s s so O G r is of type C. We assume now that x := x α 1 +α 2 (1)x 2α 1 +α 2 (1)x 3α 1 +α 2 (b) ∈ O, with b = 0. By [9, Proposition 2.6, page 499] if q = 4 we can take b = ζ. We prove that this class is of type C. Set r α := x α (1)x −α (1)x α (1) =ṡ α , α ∈ Φ + , see [22, Lemma 19 ]. The elements
. Indeed, r, s ∈ P 1 with r ∈ V 1 , s ∈ V 1 . A direct calculation shows that r 2 = x 3α 1 +α 2 (1),
We see that all these are distinct, and different from s, by looking at the unique expression as a product of elements in root subgroups in the order:
Hence, |O 
and set
A direct computation shows that
The union Y = i∈I 4 Y i is disjoint and a subrack of O x . We take
We claim that x α 1 (a)x α 1 +α 2 (b)x 2α 1 +α 2 (c) and
This follows from the formula:
Hence, r i r j = r j r i for i = j, i, j ∈ I 4 and the class O x is of type F. By [9] , the remaining class can be represented by any of
It is easier now to work with a different ordering of the positive roots:
The union Y = i∈I 4 Y i is disjoint and a subrack of O. We take
By looking at the coefficient of x 3α 1 +2α 2 in the expression of each product, we verify that r i ⊲ r j = r j ⊲ r i if i = j, hence O is of type F.
Unipotent classes in Steinberg groups
In this Section we deal with unipotent classes in Steinberg groups, i.e. PSU n (q), n ≥ 3 ; PΩ − 2n (q), n ≥ 4; 3 D 4 (q) and 2 E 6 (q). In order to apply inductive arguments as in Section 4, we first need information about the unitary groups PSU n (q), including the non-simple group PSU 3 (2).
Unipotent classes in unitary groups.
Here G = PSU n (q), G = SU n (q), n ≥ 3 and G = SL n (k), for n ≥ 2. For a clearer visibility of the behaviour of the conjugacy classes, we use the language of matrices and partitions. Here we choose B, U, as the subgroups of upper triangular, respectively unipotent upper triangular, matrices. We start by some notation and basic facts.
⋄ Fr q is the Frobenius endomorphism of GL n (k) raising all entries of the matrix to the q-th power. [16, 21. 14(2), 23.10(2)]. ⋄ To every unipotent class in SU n (q) we assign the partition of n corresponding to the class in GL n (q) it is embedded into. ⋄ Every unipotent class in GL n (k) meets GU n (q) in exactly one class, since C GLn(k) (x) is connected for every x [15, 8.5] , [21, I.3.5] . In other words, every partition comes from a class in SU n (q). ⋄ Since SU n (q) is normal in GU n (q), [1, Remark 2.1] says that all unipotent class in SU n (q) with the same partition are isomorphic as racks.
⋄ For c ≤ n 2 we denote by H 2c ≤ G the subgroup of matrices
. If q and n are even, then G Fr q = Sp n (q).
Here is the main result of this Subsection:
Proposition 5.1. Let O = {e} be a unipotent class in G = PSU n (q) with partition λ, where λ is different from (2, 1, . . .) if q is even. Then O is not kthulhu.
Proof. First, we reduce our analysis to G = SU n (q) by the isogeny argument [1, Lemma 1.2]. Thus, from now on O is a unipotent class in G. Second, we split the proof for q odd in §5.1.1 and for q even in §5.1.2. In each of these, we distinguish several cases according to the partition λ = (λ 1 , . . . , λ n ) associated to O.
5.1.1.
Proof of Proposition 5.1 when q is odd.
is regular. If λ 1 and n are odd, then we may find u
is regular. In both cases Proposition 3.6 applies.
It remains the case when λ 1 is odd and n is even. Then there is i > 1 such that λ i is odd, and l = λ 1 + λ i ≥ 4. We take i minimal with this property. Then, we may find
an orthogonal partition, we may assume u ∈ H. If l ≥ 6 the class O H u is of type D by Theorem 3.3 and Proposition 4.3, since SO 6 (k) is SL 4 (k) up to isogeny.
Let l = 4 and q > 3. Now SO l (k) is SL 2 (k) × SL 2 (k) up to isogeny, the class O H u is isomorphic as a rack to the product X × X for X the non-trivial unipotent class in SL 2 (q). By Lemma 2.1, O H u is of type D. If q = 3 and n > 4, then the partition either contains the sub-partition (3, 3) or (3, 1, 1, 1) . Reducing to the subgroup M 6 , we look at the classes (3, 3) and (3, 1, 1, 1) in SU 6 (q). Since SO 6 (q) < SU 6 (q) and SO 6 (k) is SL 4 (k) up to isogeny, these racks contain a subrack isomorphic to a nontrivial unipotent class in SL 4 (q). Then Theorem 3.3 applies. Proof. Assume that n is odd. Then the partition contains (2, 1) and we may find a representative whose component in M F 3 has partition (2, 1). It is therefore enough to prove the statement for G = SU 3 (q) and λ = (2, 1).
Since 2 = −a 2 ξ q+1 , (rs) 2 = (sr) 2 . Let η ∈ k be such that η 2 = a −1 . Conjugating by the diagonal matrix (η, η −1 ) we have
Thus O is of type D. Assume that n is even. Then the partition contains either (2, 2) or (2, 1, 1) and we may use M 4 to reduce to λ = (2, 2) or (2, 1, 1) in G = SU 4 (q). If λ = (2, 2), which is an orthogonal partition, then we may assume that the representative u lies in SO 4 (q), and O 
q is not a square in F × q , and let σ = Proof. By reducing to the subgroup H 4 , it is enough to consider λ = (2, 2) in G = SU 4 (3). Let ζ be a generator of F If λ = (2, 1, . . .) in G = SU n (3), n ≥ 3, then O is of type C.
Proof. Let F × 9 = ζ . Without loss of generality we may assume that
We consider, for n odd, respectively even, the following element of SU n (3):
Accordingly, we set s := σ ⊲ r or s := τ ⊲ r. In both cases, s = 1 . . .
= id n +ζ −2 e n,1 . Then rs = sr. Let H := r, s . We have
Conjugation by diag(ζ −1 , ζ) and [23 Proof. By Proposition 3.6 it is enough to deal with regular unipotent classes in SU 3 (q) for q = 2, 8, SU 4 (q) for q = 2, 4 and SU n (2) for n ≥ 5.
It suffices to prove the claim for G = SU 3 (2) ≤ SU 3 (2 2h+1 ). Let ζ be a generator of F (ii) Regular unipotent classes in SU n (q), n ≥ 4 even, are not kthulhu.
Indeed, by the Jordan form theory, O is represented by an element of a regular class in Sp n (q) = SU n (q) Frq . We conclude invoking Theorem 3.3.
(iii) Regular unipotent classes in SU n (2), n ≥ 5 odd, are not kthulhu.
By projecting a representative in U F to M 5 , we obtain a regular unipotent class in the latter. Hence, it is enough to assume n = 5. Let P be the standard F -stable parabolic subgroup of G with Levi factor L corresponding to the simple roots α 2 , α 3 , and let π : P F → L F be the projection. Any u ∈ O∩U F lies in P := P F and π(u) is regular in L F , which is the subgroup of matrices of the form
is not kthulhu. Then Lemma 2.5 applies. Now we argue inductively starting from Lemma 5.7. 
By considering the class with partition (λ j , λ i ) in M λ i +λ j we may assume n = λ i + λ j . Let d = λ j − λ i and let P be the parabolic subgroup with standard Levi subgroup of type A λ i −1 × A λ i −1 associated with
. By Lemma 3.2 and Theorem 3.3 it is enough to show that O ∩ V = ∅. Now, if u ∈ V then it is of the form   
for some upper-triangular B ∈ SU d (q) and some matrices A i , i ∈ I 3 . Hence,
On the other hand, if u ∈ O by Jordan form theory we have 2, 1 a ), (λ 1 , 1 a ) 
Proof. It is enough to consider λ = (λ 1 , 2, 1). We pick a representative of
Then O contains a subrack isomorphic to X × Y where X = {e} is a unipotent class in SL 2 (q) and Y is a unipotent class with partition (λ 1 , 1) in SU λ 1 +1 (q). The latter is not a class of involutions because λ 1 > 2. By [24, 1.4(ii)] and Remark 2.2 there are y 1 = y 2 ∈ Y such that y 1 y 2 = y 2 y 1 . Now Lemmata 3.7 and 2.1 apply.
Lemma 5.11. If n is even and λ = (λ 1 , 1, . . .) for some 3 < λ 1 odd, then O is not kthulhu.
Proof. It is enough to deal with the partition (λ 1 , 1). Set d := (λ 1 +1)/2 > 2. Let P be the parabolic subgroup with standard Levi subgroup associated
This is impossible because λ 1 > 3. Lemma 3.2 and Theorem 3.3 apply. Proof. Let x, y ∈ F q 2 such that x q y + y q x = 0 and ζ i ∈ F × q , for i ∈ I 4 , satisfying Proof. We show that any subrack generated by two elements is either abelian or indecomposable. Let r, s ∈ O, rs ⋆ = sr. We may assume r = id n +ae 1,n = x β (a) where β is the highest positive root in Φ and a ∈ F × q . Let g ∈ G be such that s = grg −1 . By [16, 24.1] there are u, v ∈ U F , and σ ∈ G ∩ N (T) such that g = uσv. As F (σ) = σ, the coset σ = σT ∈ W lies in W F ≃ S F n which is the centralizer of the permutation
hence, either σ({1, n}) = {1, n} or σ({1, n}) ∩ {1, n} = ∅. Since r is central in U F , s = uσrσ −1 u −1 = ux σ(β) (a ′ )u −1 for some a ′ ∈ F q . Since ru = ur and rv = vr, ⋆ holds if and only if r = σrσ −1 . Thus, σ(1) = n and σ(n) = 1, so σ is of the form
Then σrσ −1 = id n +aξ −1−q e n,1 , so
Since the non-trivial unipotent class in SL 2 (q) is sober [1, 3.5] , O H r = O H s .
Unipotent classes in PΩ
− 2n (q), n ≥ 4. In this subsection G = PΩ − 2n (q), n ≥ 4. We shall use the knowledge of unipotent conjugacy classes in PSL n (q) and PSU n (q) and apply inductive arguments.
Here G is assumed simply-connected. The root system of G is of type D n , and the Dynkin diagram automorphism ϑ interchanges α n−1 and α n ; it fixes the basis vectors ε j for j ∈ I n−1 , and maps ε n to −ε n . Here is the main result of this Subsection: We split the proof for q odd in §5.2.1 and for q even in §5.2.2.
Proof of Proposition 5.17 when q is odd.
Proof. Let P 1 and P 2 be the standard F -stable parabolic subgroups with F -stable Levi factors L 1 and L 2 associated respectively with Π 1 := ∆ − {α n−1 , α n } (of type A n−2 ), and Π 2 := {α n−2 , α n−1 , α n } (of type A 3 ). Then
By Lemma 3.2, Theorem 3.3 and Proposition 5.1, it is enough to show that
We consider various different cases.
(i) ε i − ε n ∈ supp u for some i ∈ I n−3 .
Then s ε i −ε n−2 (supp u) ⊆ Φ + . Since s ε i −ε n−2 ∈ W F , it has a represen-
(ii) ε i − ε n ∈ supp u for all i ∈ I n−3 .
Then there exist k ∈ I n−3 and j such that ε k + ε j ∈ supp u. Let ℓ = max{j | ε k + ε j ∈ supp u for some k}.
for all k such that ε k + ε n ∈ supp u. Therefore, either supp(σ ⊲ u) ⊂ V 1 , and we are done, or supp(σ ⊲ u) ⊂ V 1 and ε k − ε n ∈ supp(σ ⊲ u), and we fall in (i).
If
Finally, if ℓ < n−1, then we pick a representative σ ∈ N G F (T) of s ε ℓ −ε n−1 . Then supp σ ⊲ u ⊂ V 1 ∩ V 2 , and we fall in the case ℓ = n − 1.
5.2.2.
Proof of Proposition 5.17, q even. Here Lemma 3.2 does not apply in its full strength because of the existence of kthulhu classes in PSU 4 (q), q even, and in PSL 3 (2) . We proceed by induction on n. The case n = 4, Lemma 5.18 below, requires a special treatment. Proof. Let us consider the F -stable standard parabolic subgroups P 1 , P 2 with standard Levi subgroups L 1 and L 2 associated with the sets Π 1 = {α 1 , α 2 } and Π 2 = {α 2 , α 3 , α 4 }, respectively. Let u ∈ O ∩ U F . We analyse different situations, according to ∆ ∩ supp u. Recall that, u being Finvariant, the simple root α 3 ∈ supp u if and only if α 4 ∈ supp u.
is isomorphic as a rack to a unipotent class in SU 4 (q) of partition (4) and Proposition 5.1 applies.
π 2 (u) has partition (2, 2) or (3, 1) and Proposition 5.1 applies.
is isomorphic as a rack to a unipotent class in SL 3 (q) with partition = (3); Theorem 3.3 applies.
(iv) ∆ ∩ supp u = {α 1 , α 2 }: either α 2 + α 3 + α 4 ∈ supp u or not.
We may assume that α 2 + α 3 ∈ supp u, by conjugating with a suitable element in (U α 3 U α 4 ) F and using (2.1). If
, where rk(v − id) = 2 and (v − id) 2 = 0, which is not kthulhu since its partition is (2, 2). If α 2 + α 3 + α 4 ∈ supp u, then pick a representative σ ∈ N G F (T) of s 3 s 4 ∈ W . Then σ ⊲ u ∈ O ∩ U F and ∆ ∩ supp(σ ⊲ u) = {α 1 } so we reduce to (iii).
(v) ∆ ∩ supp u = ∅ and α 1 + α 2 ∈ supp u or α 2 + α 3 ∈ supp u.
In the first case, O M 1 π 1 (u) has type (2, 1), and Theorem 3.3 applies. In the second, also α 2 + α 4 ∈ supp u and O
, where rk(v − id) = 2 and (v − id) 2 = 0. We invoke Proposition 5.1.
, so we fall in (v). Let σ be as in (iv). If α 2 + α 3 + α 4 ∈ supp u, then σ ⊲ u ∈ O ∩ U F and α 2 ∈ supp(σ ⊲ u) and we are in case (iii).
If α 1 + α 2 + α 3 + α 4 ∈ supp u, thenṡ 1 ⊲ u is as in case (vi); while if supp u = {α 1 + 2α 2 + α 3 + α 4 }, then supp(ṡ 2 ⊲ u) = {α 1 + α 2 + α 3 + α 4 }.
We now proceed with the recursive step and assume that all non-trivial unipotent classes in a twisted group with root system D n−1 are not kthulhu.
Let P 1 and P 2 be the standard parabolic subgroups with F -stable standard Levi subgroups L 1 and L 2 associated with the sets Π 1 = {α i | i ∈ I n−2 } and Π 2 = {α i | i ∈ I 2,n }, of type A n−2 and D n−1 respectively. By Lemma 3.2 in order to prove the inductive step, it is enough to show that no non-trivial
This finishes the proof for q even and Proposition 5.17 is now proved.
5.3. Unipotent classes in 2 E 6 (q). We deal now with the group 2 E 6 (q).
Here the Dynkin diagram automorphism ϑ interchanges α 1 with α 6 and α 3 with α 5 . Here is the main result of this Subsection:
where rk(v − id) = 2, hence its associated partition is not (2, 1, 1, 1, 1) . By Lemma
∈ V 2 and we are done. 3 D 4 (q) . We deal now with triality; F arises from the graph automorphism ϑ of order 3 determined by ϑ(α 1 ) = α 3 . We assume that G = G sc . We fix and ordering of the ϑ-orbits in Φ + . Let
Unipotent classes in
Every element in U F can be uniquely written as a product of elements y α (ξ), ϑα = α, ξ ∈ F q 3 , and
The generators in (5.3) are the non-trivial elements in the root subgroups with respect to Proof. By the isogeny argument we work in G = G F sc [1, Lemma 1.2]. We analyse different cases separately, according to q being odd, even and > 2, or 2.
(i) q is odd.
The list of representatives of the unipotent classes in 3 D 4 (q) appears in [10, Table 3 .1]; they all have one of the following forms:
where ζ ∈ F q 3 is not a square and a ∈ F q 3 − F q . So all classes but those of u and r have a representative in Υ ≃ G 2 (q), hence they are not kthulhu by Lemma 4.6. Now
u is the product of two non-trivial racks and q 3 > 3, O H u is of type D by Lemmata 2.1 and 3.5. Assume that r ∈ O. Let ξ be a generator of F × q 3 ,
By [10, Table 3 .2], for every b, c ∈ F × q 3 we have
Using (5.4) we verify that the coefficient of y α 1 +α 2 +α 3 in the expression of rs, respectively sr, equals aη 2q + a q η 2 , respectively a q η 2q + aη 2 . These coefficients are equal if and only if (a q − a)(η 2q − η 2 ) = 0. As η 2(q−1) = 1 and a q = a, we have rs = sr, with rs, sr ∈ U F . Thus, (sr) 2 = (rs) 2 , as q is odd. Comparing the coefficients of x α 1 in the expressions of r and s as products of elements in root subgroups, we see that (ii) q > 2 is even.
The list of representatives of the unipotent classes in G appears in [8] , see [11, Table A2 ]. For suitable ζ, ζ ′ ∈ F q , the representatives are of the form u 1 = x α 1 +2α 2 +α 3 +α 4 (1), u 2 = x α 2 (1)x α 1 +α 2 +α 3 +α 4 (1), u 3 = y α 1 +α 2 +α 3 (1), u 4 = y α 1 +α 2 (1)y α 1 +α 2 +α 3 (1)x α 1 +α 2 +α 3 +α 4 (ζ), u 5 = y α 1 (1)x α 2 (1), u 6 = y α 1 (1)x α 2 (1)y α 1 +α 2 +α 3 (ζ ′ ), u 7 = y α 1 (1)y α 1 +α 2 (a), a ∈ F q 3 − F q .
All classes except those like O u 7 are represented by v ∈ Υ ≃ G 2 (q); thus, these are not kthulhu by Lemma 4.7. We deal with O u 7 . Let γ j = j i=1 α i for shortness. We use (5.4) and the following relations from [10] , cf. [11] : The coefficients of y γ 3 in the expressions of r i r j and r j r i are equal iff (a + a q )(ξ 2 i ξ 2q j + ξ j ξ 2q i ) = 0, iff (ξ i ξ −1 j ) 2(q−1) = 1 (since a ∈ F q ), iff i = j by our choice of the ξ i 's. Hence, r i ⊲ r j = r j for i = j and O u 7 is of type F.
(iii) q = 2.
The description of the representatives is the same as in (ii) with ζ = 0 and ζ ′ = 1, see [11, §3] , so that u 4 = y α 1 +α 2 (1)y α 1 +α 2 +α 3 (1), u 6 = y α 1 (1)x α 2 (1)y α 1 +α 2 +α 3 (1).
We do not have information on the unipotent classes of G 2 (2) yet, so we have to argue differently. However, the argument for u 7 is exactly as for q > 2. Now u 1 ∈ U F ±α 2 , U F ±(α 1 +2α 2 +α 3 +α 4 ) , a subgroup of type A 2 , but it is not regular there. Let now r 1 = u 3 . Let σ and τ in Υ be representatives of s 1 s 3 s 4 , s 2 ∈ W F , respectively. Let P 2 be the F -stable parabolic subgroup with standard Levi subgroup associated with α 2 . We consider the following elements in O ∩ V 2 : r 2 = σ ⊲ r 1 = y α 1 +α 2 (1), r 3 = τ ⊲ r 2 = y α 1 (1) r 4 = x α 2 (1) ⊲ r 3 = y α 1 (1)y α 1 +α 2 (1)y α 1 +α 2 +α 3 (1)x α 1 +α 2 +α 3 +α 4 (1).
Let Z = U γ | γ ∈ Φ + − {α 1 , α 2 , α 1 + α 2 } . Then V 2 ⊲ r 1 ⊂ y α 1 +α 2 +α 3 (1)Z, V 2 ⊲ r 2 ⊂ y α 1 +α 2 (1)Z, V 2 ⊲ r 3 ⊂ y α 1 (1)Z, V 2 ⊲ r 4 ⊂ y α 1 (1)y α 1 +α 2 (1)Z.
Hence, the classes O r 1 ,r 2 ,r 3 ,r 4 r i for i ∈ I 4 are disjoint. A direct computation shows that r i r j = r j r i for i = j, so O u 3 is of type F.
We deal now with u 4 . Let ξ, P 1 and P 2 be as above and let 
Hence, for H = r i | i ∈ I 4 we have O H r i = O H r j for i, j ∈ I 4 , with i = j. A direct computation shows that r i r j = r j r i , for i = j, so O u 4 is of type F.
Finally, we treat simultaneously the classes of u 5 and u 6 , that are of the form x = y α 1 (1)x α 2 (1)y α 1 +α 2 +α 3 (ǫ) with ǫ ∈ {0, 1} respectively. Let C be as in the odd case and let (ξ i ) i∈I 4 be a family of distinct elements in C. Set 
